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Abstract 

The study reported in this paper was done with the aim to investigate the effective thermal 
conductivity of crumb-rubber-modified mortar through a numerical way. Crumb rubber with 
the particle size (1-2 mm) was used to replace 5%, 7.5%, 10%, 12.5%, and 15% of the volume 
of quartz sand with the same size. A numerical simulation method for heat transfer at the 
meso-scale level of this composite material was applied to model the meso-structure of this 
composite material, with emphasis on the random packing of spherical particles, volume 
fractions, and particle size distributions (PSDs), for each component, i.e. rubber, quartz sand 
and air. A representative volume element (RVE model) was generated using an implicit finite 
difference method to solve the three-dimensional heat transport equation. In fact, the effective 
thermal conductivity was strongly depending on the thermal conductivities of all individual 
solid components. From this, a parameter estimation method was applied whereby the 
Levenberg-Marquardt algorithm was implemented in MatLab. Simulation results were 
validated by comparison with literature data. Using the estimated parameters, the effective 
thermal conductivity of mortar, including the effect of crumb rubber replacement, was 
presented. Comparison indicated that good agreement existed between the present simulations 
and the experimental results.  

1. INTRODUCTION 

In order to effectively reduce the environmental impact caused by the rapid increase of 
waste rubber tires, mixing its crumb rubber flacks into cementitious materials will immobilize 
these environmental pollutants and turning it into a green resource in a practical and 
sustainable way. Several previous studies proved that the addition of rubber particles may 
significantly reduce the effective thermal conductivity (ETC) of these cement-based 
composites [1][2][3][4][5]. However, numerical modelling results of this material are yet very 
scarce in the literature. Nevertheless, some numerical simulations in terms of heat transfer in 
composite and porous materials may serve as valuable reference for this study. 

Coquard and Baillis [6] investigated the conductive heat transfer though heterogeneous 
cellular materials using a numerically finite volume method based on a meso-structure, which 
was obtained through X-ray tomography. Wang and Pan [7] solved a thermal energy transport 
equation for an open-cell foam structure by using a highly-efficiency lattice Boltzmann 
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method. She et al. [8] presented a random generation method to generate microstructures of 
foamed concretes, and used a finite volume method to simulate the heat transfer through 
porous structures. Hui et al. [9] determined ETCs of graded composites by means of a finite 
element method approach. Based on previous work, in this study a numerical model for 
determination of ETC of rubberised mortar was developed. Moreover, an inverse 
identification method for parameters estimation was proposed as well.  

 
2. NUMERICAL APPROACH FOR DETERMINATION OF ETC 
The starting point for the modelling is that spherical particles are randomly positioned 

inside a predefined volume representing an initial cement paste matrix, while following 
particles size distribution (PSD) for each component: rubber, quartz sand and air. The process 
began with stacking the larger particles, subsequently followed by smaller ones. Particle size 
distributions of crumb rubber and quartz sand are measured through Horiba LA-950 Laser 
Diffraction Particle Size Analyser, which is approximated by the following Rosin-Rammler 
function 

 
, (1) 

where G(x) is the particle cumulative weight (g) with diameter x (mm), and with b and n 
being constants representing the shape of the grading curve.  

The basic principle of the developed conductivity model is Fourier’s first law of heat 
conductivity, which can be expressed as: 

 
, (2) 

where,  (W) is the heat flow rate by a conductivity λ (W/mK), which is the thermal 
conductivity of a material, A (m²) is the cross-sectional area normal to the gradient ∂T⁄∂x 
(K/m), which is the derivative of temperature with respect to the x-direction. The negative 
sign in Fourier’s equation indicates that the heat flows in the direction of a decreasing 
temperature. When Fourier’s law is combined with the law of thermal energy conservation, a 
one dimensional heat conduction equation can be expressed as: 
 

, (3) 

where, α=λ/(ρ*Cp) (m²/s).  
In case of a steady state heat conductivity problem, when the heat flow takes place in three 

dimensions, and there is no internal heat generation, equation (3) expands to the Laplace’s 
equation: 

. (4) 

When considering heat transfer through a porous medium (in z-direction), this is only 
possible when the heat gradient goes from the warm surface to the colder surface, which also 
holds for a regular cement paste. When the other four sides of the representative volume are 
isolated (see Figure 1), a true one dimensional heat flow will occur in the sample. According 
to this, the boundary conditions are given as follows: 
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, (5) 
 

. (6) 

 

 
Figure 1: Illustration of the principle of the ETC modelling 

The lattice points represent the each component with a different thermal conductivity. In 
order to establish the connection between two adjacent points, the thermal conductivity in the 
middle of two points can be expressed as: 

), (7) 

where k=1 (in x-direction), L (in y-direction) or L² (in z-direction). L represents the number 
of voxels in a row.   

Each lattice point exchanges heat with six neighbouring lattices points (see Figure 1, right). 
According to the energy balance principle, the sum of the heat that flows into the lattice 
should be equal to the heat that flows out of the lattice. The equation with all lattice points can 
be represented in a matrix form as follows: 

, (8) 

where the matrix µ is a space-matrix vector and A is a sparse symmetrical matrix, which 
corresponds to the temperatures of all unknown lattice points, b is a vector, which represents 
the boundary conditions of the system.  

The heat flow through each point along the z-axis can be calculated as:  
 

. (9) 

Owing to the microstructure of rubberised cement-based composite regarded as an 
equivalent continuous medium, the effective thermal conductivity  of the composite is equal 
to the effective thermal conductivity  calculated in z-direction. 

 
. (10) 
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3. MATERIALS AND EXPERIMENTAL TESTING 
Materials used in this study consist of the Portland cement CEM I 42.5R 

(HeidelbergCement company), crumb rubber (Genan A/S company), quartz sand (Euroquartz 
company), water and superplasticiser (Sika® ViscoCrete). Three particle sizes of sand were 
used: 0.1-0.5 mm, 0.5-1.0 mm and 1.0-2.0 mm. The crumb rubber with particles size of 0.8-
2.0 mm was obtained through the ambient grinding process. Crumb rubber replacement levels 
were set to 5%, 7.5%, 10%, 12.5% and 15% by volume of quartz sand, respectively. As for 
the mix proportion, the water-cement ratio was set to 0.45. The detailed mix design of 
rubberized mortar and reference mortar are presented in Table 1. 

Table 1: Mix design 

No. 
crumb 
rubber 

(vol.-%) 
w/c cement 

(kg/m³) 
water 

(kg/m³) 

crumb 
rubber 
(kg/m³) 

quartz sand (kg/m³) superplasti-
ciser 

(kg/m³) 0.1-0.5 0.5-1.0 1.0-2.0 

REF 0 0.45 550 245.7 0 563.52 290.62 440.49 1.93 

CR_2.0a 

5 

0.45 550 245.7 

59 

563.52 290.62 

309.74 

1.93 
7.5 88.5 244.37 
10 118 178.99 

12.5 147.5 113.62 
15 177 48.24 

For each mixture, three samples of 40x40x160 mm³ prisms were prepared and cured in 
water at 20±1 °C. The specimens were dried at the age of 28 days in an oven at 45 °C and 
weighed at 24 h intervals until the loss in weight did not exceed 0.2% in 24 hours. The TPS 
instrument (manufactured by Hot Disk AB) was used to measure the effective thermal 
conductivity of mortar specimens at 20 °C. For each specimen, three measurements were 
performed.  

4. STATISTICAL EVALUATION OF REPRESENTATIVE ELEMENT VOLUME 

4.1 Concept of REV 
A cement-based material is a heterogeneous system, which consists of a solid matrix and a 

complex pore system. To describe a heterogeneous system, as suggested by Bear [10], this 
can be done by introducing the concept of representative elementary volume (REV). In this 
study, a REV was determined through a statistical analysis of simulations [11]. Several 
experiments of increasing sizes of the microstructure were conducted, and for each 
microstructure different particles’ position and voxel resolution were considered. Then the 
chi-square statistic was applied for determining the size of the REV. 

, (11) 

in this,  is the investigated thermal conductivity of current microstructure, which is 
calculated from Equation (10).  is the average of all  and m is the number of realisations 
for the current rib size. This procedure demonstrates that the smaller the value of   is, the 
closer is the volume of the respective sample to the expected REV. In spite of this, a sample 
with a smaller volume can be generally used when the value of  is acceptably low. In this 
study, 0.1 is used as an acceptable value, and the degree of freedom is 1 which is the random 
distribution of particles. This means that if  is lower than 0.1, there is at least a 95% chance 
probability confidence that the visual particle structure can be regard as REV. 
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4.2 Determination of REV and results analysis 
The tests were conducted with several rib sizes from 30 mm to 200 mm. For each rib size, 

three voxel resolutions were analysed: 1 pixels/mm, 2 pixels/mm and 4 pixels/mm. For each 
rib size and each voxel resolution, five visual microstructures were generated. A total of 105  

  

Figure 2: statistical analysis of REV 

numerical tests were performed. The determination procedure was carried out with C++ 
language using GNU Compiler Collection (GCC 6.3.0) on a high-performance computer at 
TU-Darmstadt Lichtenberg (12 cores, 5900 TFlops/s, Intel Xeon E5-2670 Sandy Bridge). In 
order to improve the efficiency of used of computer memory and speed up the implementation 
of the procedure, a parallel computing scheme was achieved through Open Multi-Processing 
(OpenMP 2.0.1). The results of the REV size determination are presented in Figure 2. When a 
chi-squared value of 0.1 is acceptable with a probability of at least 95%, then the rib size of 
the microstructure of the mortar to establish the REV should be larger than 90 mm (1 
pixels/mm), 60 mm (2 pixels/mm) and 30 mm (4 pixels/mm). The results of this analysis were 
applied for predicting the effective thermal conductivity and parameter estimation in the 
following sections. 

5. INVERSE APPROACH FOR PARAMETER ESTIMATION 
Based on an actual experimental investigation on a composite, the thermal conductivities 

of its components can be estimated by minimising the deviation between simulated and 
experimental data. The objective function is expressed as follows:  

, (12) 

where  represents a non-linear function of the parameters,  is the effective 
thermal conductivity of a composite, which is calculated based on the thermal conductivities 
of components and their spatial distributions.  is the experimental value. The unknown 
parameter  is obtained and can minimise the objective function. A Levenberg-Marquardt 
algorithm [12][13] of the MatLab Optimisation Toolbox was used to estimate the thermal 
conductivity of quartz sand and rubber. The step tolerance (TolX) and the function tolerance 
(TolFun) were set to the same value 1e-3. However, this method cannot guarantee to find the 
global minimum. Therefore, different initial points were test in order to achieve good 
coverage on optimal solutions. A cube with the side length of 90 mm and with the voxel 
resolution of 1 pixels/mm was chosen as the representative elementary volume (REV) of an 
agar- quartz sand/rubber structure (see Figure 3). In order to determine the air void content, a 
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compress equalisation method was adopted, by which a TESTING air entrainment meter was 
used. During the measurement, agar was in liquid state. 

 
Figure 3: View of ETC of agar- quartz sand/rubber samples and numerical meso-structures. 

6. SIMULATION RESULTS AND ANALYSIS 
The results show that the effective thermal conductivity of agar- quartz sand and agar-

rubber sample is 2.563 (W/mK) and 0.485 (W/mK) with the corresponding air void content 
0.21 vol.-% and 3.0 vol.-%, respectively. The estimated thermal conductivity of quartz sand 
and rubber particle is 4.420 (W/mK) and 0.214 (W/mK), respectively.  

Due to different chemical compositions, the estimated thermal conductivity of rubber is 
slightly higher than the value in literature (from 0.13 to 0.19 W/mK [2][22][23][24][25]). 
Furthermore, since the thermal conductivity of quartz sand is strongly depending on the 
quartz content and moisture content [14][15][16][21], and measurement approaches are 
various, the literature shows a wide range of variation. In the study of Côté & Konrad [16], 
the result was summarised from nearly 1000 test results in the literature. Kersten [15] 
performed an extensive series of tests on different types of quartz sand. The comparison of the 
parameter estimation results and the values from published literature is shown in Figure 4. 

 

 
Figure 4: Parameter estimation results and literature survey of thermal conductivity of 

quartz sand and rubber 
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Figure 5: Effect of crumb rubber content on thermal conductivity of mortar 

Notably, the thermal conductivity of quartz sand is much higher than that of rubber. Only a 
minor deviation of thermal conductivity of quartz sand can lead to a significant change of the 
ETC of mortar. Thus, it is very crucial to ensure a suitable accuracy of simulation results. In 
the following numerical experiment, two values of quartz sand (4.420 W/mK and 5 W/mK 
from the literature) were tested. The thermal conductivity of cement paste with a 0.45 w/c 
ratio at 28-days was measured through the hot disk method, its value is 0.685 (W/mK). The 
thermal conductivity of air 0.026 (W/mK) is taken from the literature [26][27]. For each 
sample, 6 simulation estimations were performed. The predicted parameter was produced by 
the average of all results. The comparisons of the simulation results with the experimental 
data in terms of the impact of crumb rubber content on the ETC of mortar are illustrated in 
Figure 5. 

A decreasing tendency of the effective thermal conductivity of mortar with the increase in 
crumb rubber content and air void content was described using a second order polynomial, 
respectively. The experimental results show that by replacing quartz sand with crumb rubber 
at 5% to 15%, the effective thermal conductivity of mortar was reduced from 17% up to 47%. 
This is not only due to increased air void content from 5% to 12%, but also because the 
thermal conductivity of crumb rubber is much lower than that of quartz sand. Moreover, it can 
be deduced from Figure 5 that when a tipping point of crumb rubber content is reached, the 
ETC of mortar will not decrease anymore. It is mainly because of a reduction in the 
workability with increasing crumb rubber content. Since the air bubbles are formed in the 
cement paste, a reduction of the workability of mortar makes it hard to entrain air in the 
cement past.   

By using the estimated thermal conductivity of quartz sand (4.420 W/mK), the results are 
slightly lower than the experimental results. When the thermal conductivity of sand is 
increased to 5 (W/mK) and the other parameters stay constant, the results get much closer to 
the experimental results. The average differences of two ETC simulation results are 5.88% 
and 4.12 %, respectively.  

The error originates mainly from the air void content of the agar- quartz sand sample in the 
liquid state measured through a compress equalisation method. This method is based on 
Boyle’s law 0, which states that the volume occupied by a given mass of gas is proportional to 
the applied pressure. If the sample is entrained with a large amount of small air bubbles, they 
will not register a change in pressure. Therefore, the air void content of agar- quartz sand 
sample determined through this method is less than the actual value, which leads to the 
predicted thermal conductivity of quartz sand to be smaller than the values in the literature, 
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lowering the simulated ETC of mortar. This trend is considerably more pronounced when the 
mortar contains more quartz sand, like the reference mortar. Therefore, a more accurate 
approach is required. 

7. CONCLUSION 
A meso-scale numerically modelling is developed for predicting the effective thermal 

conductivity of rubberised mortar. The effective thermal conductivity of heterogeneous 
material is described via the concept of representative volume elements. When a chi-squared 
value of 0.1 is regard as an acceptable value, the REV should be larger than 90 µm 
(1pixels/µm), 60 µm (2 pixels/µm) or 30 µm (4 pixels/µm). 

A Levenberg-Marquardt algorithm was used to estimate the thermal conductivity of quartz 
sand and rubber particle based on measurement results of agar- quartz sand/rubber sample. 
The estimation results are within the range of values from the literature. Moreover, the 
simulated ETCs of rubberised mortars are in good agreement with the experimental results. 
When the thermal conductivity of quartz sand 5 (W/mK) instead of 4.420 (W/mK) was 
adopted, which proved a better approximation of experimental results. 
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